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The transformations of the elastic and piezoelectric constants are considered. A new form for these 
transformations has been derived introducing generalChristoffel moduli F~p) (t = 1 . . .  6) for the trans- 
formation of the elastic stiffnesses and general piezoelectric moduli E~.;') (i = 1, 2, 3) for the trans- 
formation of the piezoelectric stress constants, in all cases p - - 1 . . .  6. 

Introduct ion  

The t ransformat ion equations for the elastic and piezo- 
electric constants of anisotropic media referring to a 
rotated Cartesian coordinate system are well known, 
being first derived by  Voigt (1910). They can also be 
found in other text  books, e.g. Wooster (1938) and 
Cady (1946). Recent ly  Hearmon (1957) tabula ted  the 
equat ion for the t ransformat ion of the elastic and 
piezoelectric constants of anisotropic media. Various 
methods of deriving these t ransformat ion equations 
have been used, the most convenient being tha t  of 
tensor t ransformation,  as the scheme of the elastic 
stiffnesses form a tensor of the fourth order and tha t  
of the piezoelectric stress constants a tensor of the 
th i rd  order in the direction cosines. A very convenient 
form of equations for t ransforming the elastic and 
piezoelectric constants based on tensor application 
was given by Bechmann  in the book 'Piezoelectricity'  
(1957). 

An al ternat ive form of t ransformat ion of the elastic 
and piezoelectric constants has been derived based on 
the Christoffel elastic moduli  and the corresponding 
piezoelectric moduli. Using the conventional definit ion 
of the Christoffel moduli  (Christoffel, 1877) which are 
dependent  on the second order of the direction cosines, 
the t ransformat ion for six elastic stiffnesses, e.g., 
c;1, c~6, c;5, c~5, c;1, c;6 related to the Z ' -ax i s  can 
be obtained as shown by Bechmann  (1941). These 
six Christoffel moduli  define the propagation of the 
three plane waves in an inf ini tely extended elastic 
medium. By  introducing a more general definit ion of 

the Christoffel moduli,  all twenty-one elastic stiffnesses 
can be defined. Considering, in part icular,  the propaga- 
t ion of plane waves or of the three thickness modes of 
inf ini tely extended plates, this form of t ransformat ion 
is advantageous.  

1. Convent iona l  m e t h o d  for t r a n s f o r m a t i o n  of the  
e las t ic  and p iezoe lec tr i c  c o n s t a n t s  

The t ransformed constants are denoted by primes. 
t 

The twenty-one elastic stiffnesses (elastic moduli) %q 
can be wri t ten in general 

6 6 r 
Cpq: 1_ ~" )~" Crs(AprAqs~-ApsAqr) (p, q :  1 , 2 . . .  6), (1) 

r = l  ~=I 

where the constants Apq, related to the direction 
cosines ~mn(m, n =  l ,  2, 3) are shown in Table 1. :For 
p = q =  1, 2, . . . ,  6, expressions (1) are simplified to 

6 6 
c;'~p = ~ __~ e ~ A ~ A ~  . (2) 

r = l s = l  

Similar expressions hold for the elastic compliances 
(elastic stiffnesses) s~,q. These expressions differ from 
those for %q by the numerical  factors 2 or 4 only. 

t 
The elastic compliances s;~q are 

6 6 
(~pqSpq -~ ½ ~ ~ arsSrs(AprAqsW ApsAqr) 

r = l  s= l  
(p, q = l ,  2 . . . .  , 6 ) ,  (3) 

where 

A p l  Ap2 Ap3 

All-* 0~21 A12-" 522 AI3" 5213 A14-" 
2 

A21 : (X21 A22 : 5222 A23 : (x23 A24: 
2 A34 : A31: o¢]1 A32: 522 A33: 533 

A41: 0~21 (x31 ~142 : 0~22 532 A43 : 523 0~33 A44 : 

A51: (x31 511 -/152 : 532 512 A53 : cx33 513 A54 : 

A61 : 511 o~21 A62 : (x12 o~22 A63 : 513 523 A64 : 

Table 1 

Ap4 ^ 

A,I, i 
2512 0¢13 

2 0~22 523 

2 (X32 533 

(X22~33 -~- 523 ~X32 

532(X13 -~ 5330~12 

~x120¢23 -~ 0~13 ~x22 

A15: 
A25: 
A35 : 

A45 : 
As~ : 
A65 : 

Ap5 ^ r 

20¢13 511 

2a~3 a21 
2a33 a31 

auac*31 + aul aa3 
aaaall + aa~a13 
~X13521 -[- 511~X23 

./116 : 

A26 : 

A36 : 

A46 • 

A56: 
A66 : 

Ap6 ^ 

25  n o~12 

2 o~21 o~22 

2 531 0¢32 

0~210~32 -~- 0~220~31 

0~310~12 "~ 5.32 0(,11 

~Xll ~x22 -~- 5120~21 
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1 for p, q or r, s equal  to 1, 2 or 3 
¼ for p, q or r, s equal  to 4, 5 or 6 

avq,(rrs= { f o r p  or r equal  to 1, 2 or 3 a n d q o r  s 
equal  to 4, 5 or 6 (or vice versa). 

The t ransformat ion  equations for the piezoelectric 
stress constants  (piezoelectric moduli)  e~g can be 
wri t ten as 

where 
1 for l, q or m, r equal  to 1, 2 or 3 

O'~q,a~r- ½ f o r q o r r e q u a l t o 4 , 5 o r 6 .  

The piezoelectric s t ra in  constants  g~ t ransform ac- 
cordingly. Equat ions  (4) and  (5) s implify when wri t ten 
in full  for the case 1 = q = 1, 2 or 3. 

3 6 
el' q = .~ ~, emrC¢~mAqr ( l=  1, 2, 3; q =  1, 2, . . . ,  6) .  (4) 

m = l  r = l  

This t ransformat ion  also holds for the piezoelectric 
stress constants  h~'e. The t ransformat ions  for the piezo- 
electric s train constants  (piezoelectric coefficients) d~'e 
have  a form similar  to equat ion (4) and can be ex- 
pressed 

3 6 
a~qdz'q= ~, ~ ~rrnrdrnrO~rnAqr 

m = l  r = l  
( / = 1 , 2 , 3 ;  q = 1 , 2 , . . . , 6 ) ,  (5) 

2. An  alternative t rans format ion  for the elastic  
and piezoelectric  constants  

t 
All twenty-one elastic stiffnesses c~ can be obtained 
using more general ly defined Christoffel moduli .  The 
Christoffel moduli  are convent ional ly  defined by  T'~ 
(i, k = l ,  2, 3). We introduce /'~ (t= 1, 2, . . . ,  6) and 
add the superscript  (p) indicat ing the group of Avq 
(p= 1, 2, . . . ,  6) as shown in Table 1 in order to form 
the expressions for the Christoffel moduli .  The Chri- 
stoffel moduli  used here are wri t ten in the f o r m / ' ~ ) .  
For p--1,  2 or 3, the Christoffel moduli  are identical  

r?) ~' r?) r?)' 

Table 2. The elastic moduli F~ v) 

Apx Ap2 Ap3 Alp I 
Apl Ap2 Ap3 
Apl Ap2 Ap3 AI4 

Cll C66 C55 

C66 C22 C44 

C55 C44 C33 

C65 C24 C43 

(351 C46 C35 

A h A~i A~5 Ag 
Apa A w 

C16 C62 C54 

C65 C51 

C24 C46 

C43 C35 

C23 C44 C45 + 

½044 J ~C63 

e45 + %e %1 + 
½c3o ½%5 

064 + C52 C5S 

½%2 ½c14 

C63 

C55 

(314 

C64 

C56 

C12 

Ap~ 

C16 

C62 
C54 

~C25 

½C41 J 

C25 

C41 

C66 

Cll C66 C55 
t ! i 

C66 C22 C44 
! t ! 

(355 (344~ C33 

! 
C65 

! 
C51 

t 
C16 

Table 

! 
C24 

r 
046 

t 
C62 

t 
C43 

r 
(335 

t 
C54 

I 
, [ I 
! ! t 

(365 C51 C16 
t t t 

C24 C46 C62 

C43 C35 054 

C23 C45 C64 

! t t 
C44 C63 (325 

t t t 
045 C31 C56 

t ! ! 
C36 055 %1 

C64 C56 (312 

t ! ! 
C52 014 066 

3. Transformation for the elastic stiffnesses c m 

ri') rI') r~') r l  ') 
r l  ~-) r l  2) r(:) r l  ~-) 

Fi,) /. (24) /~4) /-(44)1 F(4) 
- - r ? )  r l  ~) r~5)  r i *  r l  5) 
- - - - r ? )  r l  °) r~) r?) '  r?) 

ri4),~ r~4), 

r(~,) 
r(~.) 
r~v 
r(¢) 
r(~5) 

A l l  A12 A13 
A21 A29. A23 
A31 A32 A33 
A41 A4~ A4a AaI4 
A41 A42 A43 
A41 A42 A43 AI4 I 
As1 A52 A53 AI4 
As1 A52 A53 
A51 A52 A53 A II 
A61 A6~. Ass AI4 
A61 A62 Ass 
A61 A6~. A63 A II 

A14 

A24 
A34 

A44 

A54 

As4 

All 

AI4 

A~, 

AIa 

& 

A~5 

A~5 

A~ 

A15 

A25 

A35 

A45 

A55 

A65 

/-(54)11 
/,~5)II 

AI5 

A~5 

A~5 

r(2) ~ 
F(65) z 

r(~) i  

AI I 

AI~ 
A I 66 

r(2) 

r(2) 

r(:) 
A16 

A26 
A36 

A4e 

A58 

A68 

F0)IZ 
r(5)ii 
//(6)11 

AL 
A~ 

A C 1 3 - - 8  
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E ~ )  II EIP) E~ (p>I 

Table 4. The piezoelectric moduli ~v) 

A p l  Ap~ Apa Ap4 Ap5 Ap6 

ell  e26 e35 e25 @36 Ca1 el5 el6 e21 
½e36 J ½e15 J ½e21 J 

el6 e22 e34 e24 -]- e32 e36 "t- el4 el2 "-I- e26 
½e~ ½el4 ½e~ 

el5 e~ e~a e~a + eaa ea~ -t- el3 ex~ e~s 

½e34 ½e13 ½e25 J 

(~Ii 
~22 

Table 5. Transformation for the piezoelectric stress contsants e~q 

0¢11 0~12 0~13 

(~21 0~22 0¢23 

0~31 0~32 ~33  

0~11 0~12 0~13 

0~2] 0~22 0~23 

0~31 0¢32 0~33 

(%11 0~12 0¢13 

~21  (~22 0~23 

e53 

~36 e31 621 

v32 ~36 ~26 
t ! ! 

e34 e35 e25 

e25 el5 el 6 

~24 ~14 V12 

e~ el3 el4 

with the usual  definition. For the following applica- 
tions, i t  becomes necessary to split  the  expressions 
A~q (p, q = 4 ,  5, 6) in Table 1 into two simple products 
which are denoted as A~q, Atp~ respectively. The rule 
of forming the / '~)  as indicated in the lef t-hand 
column of Table 2 is defined by  the subsequent  rule 
of formation:  mul t ip ly  each elastic modulus crs, as 
given in the row corresponding to the F ~  ) of this table, 
by  the corresponding value Apl, A~e, . . .  as given 
at the top of this table, and then  add these products. 
For example,  in Table 2, when p = 4  

1-'(54)II= c51A41 + c46A4~ + c35A43 
II I II + c45A44 + c36A44 + c31A~ + c~sA~ 
II I + c~6A~6 + c4~A~6. 

t 
The elastic moduli  cpq as given in the six lef t -hand 

columns of Table 3 are obtained by  mult ipl icat ion of 
the corresponding Aloq of each row by  the _P~) as 
given at  the top of the table, and  then adding these 
products together. As an example  

3 6 
c£3 = 2 A4i/~ 5) + 2 / ~  t p(5)i ± AII ~(5)II 

~-~-L4i .L i 7- ..L4i .L i / .  (6)  
i=1 i=4 

t r t 
I t  can be seen tha t  c44, c55, c66 appear  three t imes in 

t t t t t 
this table ;  c45, c46, c56 appear  four t imes;  and c14, c1~, 

! t t t ! t t 
c16, c24, c25, c~6, c34, cab and ca6 appear  twice in this  
table. This means  tha t  these constants can be alter- 
na t ive ly  expressed. Tables 2 and 3 are self-explanatory. 
I t  m a y  be ment ioned tha t  the ar rangement  of the 
cr, in Table 2 agrees with the ar rangement  of the c~s 
in Table 3. 

Similarly,  the complete set of 18 piezoelectric stress 
constants et' q ( l - - l ,  2, 3; q = l ,  . . . ,  6) can be wri t ten 
in terms of generalized piezoelectric moduli  E~) 
(i = 1, 2, 3; p = 1, . . . ,  6). These generalized piezo- 
electric moduli,  as indicated in the lef t -hand column of 
Table 4, are defined by  the rule of formation similar  
to tha t  of Table 2, but  the piezoelectric stress constants 
ezq are used in place of the elastic stiffnesses c~q. 
For example,  in Table 4 when p = 4 

E(.4)I = e16A41 + e22A42 + ea4A43 T e24Aa4 + ea2A44 
II I II + ea6Al5 + e14Aa5 + e12A46 + e26A46 • 

r 
The piezoelectric stress constants ezq as given in the  

six lef t-hand columns of Table 5 are obtained by  
mult ipl icat ion of the corresponding direction cosines 



R. B E C t I M A N N  113 

am~ (m, n =  1, 2, 3) of the  corresponding row of the  
piezoelectric moduli by  the  E~ p) given at  the top of the  
table  and  then  adding these products  together.  As an 
example 

3 
t 

e34 = 2 E~4)I~3i  • 
i=1 

, t ! 

The piezoelectric stress constants  e14, ees, e36 appear  
twice in this table. 

A similar form of t rans format ion  can be applied to 
t 

the  elastic compliances %q and the  piezoelectric s t rain 
constants  dz'q. I n  Tables 2 and 3, the  following sub- 
s t i tu t ions  should be made in order to define the  
elastic compliances : 

I n  p lace  of S u b s t i t u t e  

t t 

Cpq or  Cpq p, q= 1, 2, 3 8pq or  Spq 
} , Cpq or Cpq p = 1, 2, 3 or vice ½Spq or  ½8pq 

q---- 4, 5, 6 versa 
t t Cpq or Cpq p, q = 4, 5, 6 ~Sp~ or  ]Spq 

Correspondingly, Tables 4 and 5 hold for the  piezo- 
electric s t rain constants  when the  following substitu- 
t ions are made:  

I n  p lace  of S u b s t i t u t e  

8 ? )  = , ,  2 . . . . .  6 
! r 

elq or  elq q-~ 1, 2, 3 dlqr or  dlq 
elq or  elq q = 4 ,  5, 6 ½dlq or ½dlq 

The piezoelectric s t ra in  constants  gz'q t ransform 
accordingly. 

For  appl icat ion to elastic and piezoelectric problems, 
par t icu lar ly  to thickness vibrat ions  of plates, th is  
t rans format ion  is of pract ical  value. 
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The Electron Density Distribution in A m m o n i u m  Bifluoride 

BY T. 1~. 1%. McDonALD* 
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(Received 11 February 1958 and in revised form 29 May 1959) 

An account is given of a three-dimensional X-ray analysis of NH4HF 2 based upon Geiger-counter 
measurements of intensity. The electron density has been measured with a s.d. varying from 0-06 
e./~ -a in general positions to 0.11 e./~ -a in special positions. I t  is found tha t  the electron-density 
distribution in the H atoms of the NIt  + ion corresponds closely to that  in an isolated atom with a 
temperature factor of exp ( - 2 . 4  sin 2 0/A2). The electron density in the H atoms of the (FHF)- ions 
is subject to a rather larger random error, and the results are less clear cut. These atoms have a low 
peak density (0.47 and 0-52 e./~ -3) but  the electron count (average) over a sphere of radius 1.1 /~ 
is normal. There is thus no evidence for a transfer of charge from I-I to F. The averaged electron 
density in these two atoms has spherical symmetry, within rather wide limits of error. The F atoms 
have strongly anisotropic vibrations, and their electron distributions appear to be more diffuse 
than that  in an isolated atom. Attempts to determine the state of ionisation of the N and F atoms 
were not  conclusive. The two independent F - H - F  bond distances are 2.275 and 2.269/~ (s.d. 0.005 A), 
and the N-H  distances are both 0"88/~ (s.d. 0"03 A) which is significantly less than the inter-nuclear 
distance of 1.025 A. 

In troduc t ion  

The fine s t ructure  of the  bifluoride ion has aroused 
considerable interest  in recent  years and has been the  

* P r e s e n t  a d d r e s s :  A c e t a t e  a n d  S y n t h e t i c  F ib r e s  L a b o r a -  
t o r y ,  C o u r t a u l d s  Ltd.,  C o v e n t r y ,  E n g l a n d .  

subject  of several exper imental  investigations.  Peter- 
son & Levy  (1952) give a convenient  summary  of work 
done before 1952. I t  now appears to be established 
beyond reasonable doubt  t h a t  the  pro ton  is located 
central ly  between the  fluorine atoms, and  t h a t  the  
original postula te  of a double poten t ia l  well (Ketelaar,  

8* 


